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METHODS OF SOLVING FIRST ORDER, FIRST
DEGREE DIFFERENTIAL EQUATIONS

(1) Differential equations with variables separable:
* |f a first order-first degree differential equation

Solution of the differential equation: H(y) = G(x) + C



WORKING STEPS TO SOLVE = g(x). h(y)

* First identify the functions g(x) and h(y)

* Bring the expression containing x, i.e. g(x) on any one side of equal
sign with dx in the numerator & the expression containing y, i.e. h(y)
on the other side of equal sign with dy in the numerator. Always keep
dx & dy in the numerators.

* Apply integration on both the sides and integrate using proper
methods. Add arbitrary constant C only on one side. This will give you
the general solution of the given differential equation.

* If some initial conditions are given , then apply them to find the value
of C & put the value of C in the general solution to get particular
solution.



EXAMPLES:

(1) Find the general solution of the differential equation

b _ 1 +
; dx ATy =R
. : &y _ 1 _ _
Ans: e X+y —Xy
=(1-x)+vy(1-x)
=(1-x)(1+y)
Now separate the variables ;
D (1 —x)dx
1+y
Integrate both the sides
1—x)d
1+y +y f( x)dx

log|l +y| =x — %+C.



(2) Find the general solution of the differential equation
e*tany dx + (1—e*) Sec’ydy =0

* Ans: e*tany dx + (1—e*) Sec’ydy =0
(1-e*)Sec?ydy =-e*tany dx
Sec’ydy e* dx Sec’ydy . e” dx
tany  (1-—eX) =>f tany f(l—ex)
Put tany=t Put 1-e*=u
Sec?y dy=dt -e* dx = du
o _ g dw
t J u

= log |t| = log |u| + log C
log [tan y| = log |C(1—¢e”¥)]
[tany| = [C(1-e™)|



(3) Find the particular solution of the differential equation
dy

— = y tan x, given that y =1, when x = 0.
. : dy _
Ans: 1 ytanx

d d
7y=tanxdx :f?yzftanxdx

= log |y| = log |Sec x| + log C
log |y| = log C|Sec x|
ly| = C|Sec x| --- (i)
Put y=1&x=0
1=C.1=C=1
from (i) y = Sec X which iIs a particular solution.



(4) Find the equation of a curve passing through the point (0, —2) given
that at any point (X, y) on the curve, the product of the slope of its tangent
and y coordinate of the point is equal to the x coordinate of the point.

« Ans: Let the equation of the curve be y = f(x)
dy

~ Slope of the tangent at a point P(x, y) to the curve = —

So by the given conditions , % Y =X
which is a differential equation in the form *“variable separable”
~ydy=xdx= [ydy=[xdx

2

y: _ x* g
7_2+C (1)

Now this curve passes through the point (0, —2)
from(@) 2=0+C = C=2
y_z — x_z + 2
2 2
y2 = x4+ 4> y2— x> =4
which iIs required equation of the curve.

from (i)



(2) HOMOGENEQOUS DIFFERENTIAL EQUATIONS:

 Homogeneous function:

A function F(x, y) is said to be homogeneous function of degree n if
F(Ax, Ay) =A" F(x, y) for any nonzero constant A.
e.g. (i) F(x, y) =y3 +2x2%y
= FAx,Ay)=(Ay)> +2(Ax)% . Ny
= A[y° + 2x°y]
=13 F (x, y)
~ F(x,y)=y> +2x%y is a homogeneous function of degree 3

(ii) F (x, y) = Cos (%) is a homogeneous function of degree O

(iii) F (x, y) = (Sin x — tan y) is not a homogeneous function



* Homogeneous Differential Equation:-

A differential equation of the form & _ F (X, y) is said to be

homogenous differential equation if I-SB((, y) is a homogenous function of
degree zero.

: dy _ (x + 3y)
e.g. (i) e R
Replacing x by A x and y by A y, we get

dy _ (Ax+32y) _ o (x+ 3y)

=F(x,y)

= A% F (x, y) which is a homogenous function

dx  (Ax—2ay) 7 (x—-vy)
of degree zero.
dy (x+3y).

i S is a homogenous differential equation.



METHOD OF SOLVING A HOMOGENEOUS DIFFERENTIAL
EQUATION:-

Let % =F(X,y)=g¢ (%) be a homogeneous differential equation.

Make the substitution Yy =V. X

Diff. w. r. to x, we get

dy dv
dx v.1+X dx

Substituting the value of % In the given differential equation, we get
dv _
V. 1+x.&—g(v)

X ﬂ:g(v)—v
dx dv dx

g(v)-v T x
Integrating both the sides, we get

dv B dx
fg(v)—v_ x

Which gives the general solution of the given differential equation when v is replaced by %




EXAMPLES:

dy x%+xy+y?

* (i) Solve the differential equation

dx X2
_ dy x%+xy+ y? :
AnS. dX - xz (I)
Clearly (i) isa homogeneous differential equation. Puty =V X
: d d
Diff. w.r. tox, weget, —=v.1+X —
dx dx
: dv _ x?+x.wvx+ (vx)?
+ X, — =
From (1) V. 1+ X. = 2
d
V.1+X. — =1+Vv+ v?
dx
dv dv dx dx
= — =1+ = = — =
de 1+ 07 l +v2  x fl‘l-vz
tan~'v = log|x| + C = tan % log|x| +C



. d
(ii). Solve x Cos (X).—yzyCos (X)-l-X
x/ dx X
d
* Ans: x Cos (X).—yzyCos (X)-l-X
x/ dx X
dy _ %Cos(3)+1 S
— = S o (1) 1sa homogeneous DE. Puty =v x
dx  cos(3)
i d d
Diff. w. . to X, we get =y 1+x —
_ dx dx
From (1)
dv v Cosv+1 dv v Cosv+1
V.1+X. —= = X, — = — v
dx Cosv dx Cosv
__vCosv+1l-v Cosv
dv 1 dx_ cosv dx
.— = = Cosvdv=— =  [Cosvdv= [—
dx Cosv X X

= Sinv=log|x|]+C=  Sin (%):Iog x| + C



(iii) Solve  2yer.dx + (y — 2xe§) dy = 0
* Ans: 2ye§ dx + (y — 2xe§) dy = 0
Zyey dx = (y 2xe§) dy

dx —(y—eré) (ery—y) <zyey 1)

dy X " x = ¥ ---(i) which is a homogeneous DE.
2yeY 2yeYy 2eY
Putx=vy, Diff.w.r. toy, we get, g—y—vl y
from (i) v.1+y. - W_BEEL L ST 29 “over-1-aver
2eV dy 2e? 2eV
y.g—;ll:-% =>2e dv--C;—y=> zfe”dvz-fdy_y
X

2eV =-log|y| +logC = 2y65=log‘§ ,Y#+ 0



