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//#Addiﬁon and Differe X

Numbers :

When adding complex numbers, add the real parts together and
add the imaginary parts together. i.e. If zz=a+ib and z,=c+id
then, z,+z,=(a+ib)+(c+id)=(a+c)+i(b+d)

E)_(_E}T_F}_'_e_ ____________________________________ imaginary part
zfz =3+7i and z, =8+11i /
then, z,+2z, = (3< /i) + (8 + 11i)
real part




—

~——When subtracting complex numbers, be sure to
distribute the subtraction sign; then add like parts.
If z=a+ib gnd z,=c+id then z,—z,=(a+ib)—(c+id)=(a—-c)+i(b-d)

_____________________________________________________

Example: lfz =5+10f and z, =15— 21
then find z, — z, '

(5 + 10i) — (15 — 2i)
5 + 10i — 15 + 2i

N
|
N
(\O)
[

—10 + 12i




rties of Addition o

The addition of complex numbers satisfy the following properties:

(1)

The closure law The sum of two complex numbers is a complex
number, i.e., z;, + z, 18 a complex number for all complex numbers
z, and z,.

The commutative law For any two complex numbers z, and z,,
L+ =5+2z

The associative law For any three complex numbers Zis 24y Dy
() +2) +z,=2 + (2, +2).

The existence of additive identity There exists the complex number
0 + 7 O (denoted as 0), called the additive identity or the zero complex
number, such that, for every complex number z, z+ 0=z

The existence of additive inverse To every complex number
z = a + ib, we have the complex number — a + i(— ) (denoted as — z),
called the additive inverse or negative of z. We observe that z + (—z) =0
(the additive identity).




__# Multiplication of M\OCM

When multiplying complex numbers,

use the distributive property and simplify.

If zz =a+ib gnd z, =c+id then, zz, =(a+ib)x(c+id) = (ac—bd)+i(ad + bc)
Examp|e: l]( z, = 3-8/ and Z, = S5+4+71

then, find z,z,.
z,z, = (3 —=8i)(5 + 7i)
= 15 + 21i — 40i — 56i2
= 15-19i + 56

Remember,
i .2
ZIZZ — 71 - 19| 1 :_1




The multiplication of complex numbers possesses the following properties, which
we state without proofs.
(i) The closure law The product of two complex numbers is a complex number,
the product z, z, is a complex number for all complex numbers z, and z,.
The commutative law For any two complex numbers z, and z.,
4T
The associative law For any three complex numbers z,, z,, z,,
(z) 2) 2, = 2, (3, 2
The existence of multiplicative identity There exists the complex number
1+ 7 0 (denoted as 1), called the multiplicative identity such that z.1 = z,
for every complex number z.
The existence of multiplicative inverse For every non-zero complex
number z = a + ib or a + bi{a # 0, b # 0), we have the complex number

a . —b 1
+ l —_ _1 - - - -
2 b Z b2 (denoted by - or z7 ), called the multiplicative inverse

of z such that

1
z.— =1 (the multiplicative identity).
z

The distributive law For any three complex numbers z, z, z.,
(@) z,(z,+2) =2 2,+2 2
(b) (2, +2)2z =2 2,+2 2,




__# Division of two CW

To divide complex numbers, multiply the numerator and

denominator by the complex conjugate of the complex

number in the denominator of the fraction. i.e
If zz=a+ib and z, =c+id then z _a+ib

z, c+id

where z, # 0

Which is further simplified as |z, a+ib c—id _ .
=—— Xx—— asZ,=c—id
z, c+id c-id

_ (a+ib)(c—id) ac+bd _I_bc—adl,
¢’ +d° c’+d> ' +d’
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/E/xample: if z, =7+2i and =z, =3 — 5i
then, find =1
<2
: 7 + 2i (3 + 5i As The complex conjugate of 3 — 5i
7420 _ 7+20 (450 SR
3 —5j 3 -5 (3 + 5i)

_ 21 + 35i + 6i + 10i°
9 + 15i — 15i — 25

— 21 +41i—-10 _ 11 + 41i

9 + 25 34



———

/TryThese.
1. (3+5i)—(11-9i)  Ans. -8 + 14i
2. (5-6i)2 + 7i) 52 + 23
3. 2—3I —14 — 311
5 + 8i 39

4. (19 —i) + (4 + 15i) 23 + 14i



___#Argand Plane anma\rRe\ﬁewrﬁﬁm:/

Argand Plane Imaginary Axi =Y

We already know that corresponding to
each ordered pair of real numbers

(x, ¥), we get a unique point in the XY-plane
and vice-versa with reference to a 4
set of mutually perpendicular lines known 264
as the x-axis and the y-axis. The complex :
number x + iy which corresponds to the 2
ordered pair (x, y) can be represented
geometrically as the unique point P(x, y)
in the XY-plane and vice-versa. Like from

5 (6,4)

Real Axis = X

the fig. Coordinates of pt. B(6, 4) then the
Complex No. will be z = 6 + 41.
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— Some complex numbers such as Y

2+ 4i,— 2+ 30,0+ 1i, 2+ 0, — 5 —2i and T oacs

1 — 2i which correspond to the ordered B(=25) |

pairs (2, 4), (-2, 3),(0, 1), (2, 0), i

(-5,-2), and (1, — 2), respectively, have 9C(0,1)

been represented geometrically by the A ) G iy > X
points A, B, C, D, E, and F, respectively T ’

in the Fig 5.1. SEES-2) T OF(-Y) '
The plane having a complex number

assigned to each of its point is called the v

Complex plane or the Argand Y

plane




Polar representation of a-complex number

—— Let the point P represent the nonzero
complex number z = x + iy. Let the
directed line segment OP be of length » and
0 be the angle which OP makes with the
positive direction of x-axis (Fig 5.4).

We may note that the point P 1s

uniquely determined by the ordered pair of
real numbers (7, 0), called the polar
coordinates of the point P. We consider

the origin as the pole and the positive
direction of the x axis as the 1nitial line.

We have, x =rcos 0, y=rsin 0

XI

therefore, z =r (cos 0 + i sin 0).
is said to be the polar form of the complex

YI
Fig 5.4

number.



Here r:,fx2—|—y2 :|Z| is the meodulusof z /

—  and 0 is called the argument (or amplitude) of z which is denoted by arg z.

For any complex number z # 0, there corresponds only one value of © in 0 < 0 < 2.
However, any other interval of length 2n, for example — nm < 0 < &, can be such an
interval. We shall take the value of 0 such that

—nt <0 <7, called principal argument of z and is denoted by arg z,

% P = Y Y Y
fe) O 8]
X' <€ = >X X' <€ O >X X'<€ o) > X X'<€ S >X
0
P P

Yr Y, Y' Yr
(i)

Y

(i) (iii) Giv)
Fig 5.5 (0<06 < 2%)
Y

b = Y Y
o 0
X < >X X' <€ = S>SX X' <€ O DX X'€ o 5 =
o
P P
Y’ Y’ Y’

YI
i) (ii) (iii) (v)

FigSo6 (—mTt<0<71)




— # Algorithm to convert Cartesian form into Polar form of a
complex number.

If zZ=X+ 1V is cartesian form of complex number then, use
the following steps to convent it into polar form

1. Find the modulus of z as r=.x"+y’

2. Find the argument of 7 as, tan@ = 2 and based on quadrant find the
X

arg(z), use the graph given in the next slide.

3. Write complex number 7 as, |z = r(cos@ +isin@)| which is the

required polar form of the given complex number.

4. Remember: |cos(-0) =cos(9) &  sin(-0) =—sin(0)|
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o Fird Argiment Remember this Grapy e ——

if z=-x+1iy if z=x+iy

Il Quadrant I Quadrant

(-, +) i.e. x (-ve) &y (+ve) (+, 1) i.e. x (+ve) & y (+ve)
Re(z)=-ve & Im(z)=+ve Re(z) =+ve & Im(z)=+ve

arg(z) = Il — 0 arg(z) = 0

6 -5 4 -3 2 -

arg(z) = 60— II arg(z) = —0

if z=-x-1ly if z=x-1iy

Il Quadrant IV Quadrant

(-, -) i.e. x (-ve) &y (-ve) (+,-) i.e. x (+ve) &y (-ve)
Re(z)=-ve & Im(z)=-ve Re(z)=+ve & Im(z)=-ve




=
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g
— Example: Convert the complex number

So|ution_ The given complex number

'—16(1—;:\6) —16(1—1\6)

—16
1+i3 into polar form.
_-16 —16_ 1-i/3
1+i/3 7 1+i/3 " 1-i/3

- '—4(1— i3)=—4+i4/3 (Fig 5.8).

P(4,443) X
Now, |z|=r=1(-4) +(43) =8 4 ;
tan«9=lzﬂ=—\/§ X 0) X
x -4
as X 1s -ve and y 1s +ve @ lie in II quadrant
o-n-Z- 21 Fi :8
3 3 12 O.

27 . 2T

Thus reqired polar form 1s z =8 (COST +isin ?j
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