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MOTION IN A PLANE:
Position Vector and Displacement:

The position vector r of a particle P located in a plane with reference to the origin of an x-y
reference frame (Fig. given below ) is given by
r=xi+yj

where x and y are components of r along x-, and y- axes or simply they are the coordinates of the
object. Suppose a particle moves along the curve shown by the thick line and is at P at time t and
P'at time t' [Fig. (b)]. Then, the displacement is :

AT =TT gpqis directed from P to P".

We can write Eq. (4.25) in a component form:

s =(xi+yij)- |‘xi} v
- iAijA_u

where Ax=x"-xay=y -y



Velocity:
The average velocity 7 of an object is the ratio of the displacement and the corresponding time
interval :

- _ Ax _AxitAyj _Ax . | Ay .
VR T attad . .
V=Vd+vy
- Ar
Since v=—_1
At The direction of average velocity is same as Ar
The velocity (instantaneous velocity) is given by the limiting value of the average velocity as the

time interval approaches zero :

Ar _dr
v=lUm—=—
A0 At dt

The meaning of the limiting process can be easily understood with the help of Fig (a) to (d).
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» In these figures, the thick line represents the path of an object, which is at P at time t. Py,
P, and P3 represent the positions of the object after times Aty, At,, Ats, . Ary, Ary, , Arg, are
the displacements of the object in times Aty, At,, At3, respectively.

» The direction of the average velocity v is shown in figures (a), (b) and (c) for three

decreasing values of Aty, At,, Atz (At > Aty > Atg).

As At —0,Ar—>0

And is along the tangent to the path [Fig. (d)].

Therefore, the direction of velocity at any point on the path of an object is tangential

to the path at that point and is in the direction of motion.
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We can express v in a component form :

At—00 At At

. Ax . Ay
—itim —+j tm —
At—0 At At—0 AL

- -dx -dy a0 o

Or, v= ia‘ja= U, +u,].
dx dy
h =_' — e
where v, =-r.Uy =0

» So, if the expressions for the coordinates x and y are known as functions of time,
> we can use these equations to find v, and vy.
The magnitude of v is then

N
U= Uy + Uy

and the direction of v is given by the angle 6

{

L‘\, e
tan?d =—, # = tan
D
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Acceleration:
» The average acceleration a of an object for a time interval At moving in x-y plane is the
change in velocity divided by the time interval :
Av All’xi*' l’yj) Av, : Av, j
At At At At

» The acceleration (instantaneous acceleration) is the limiting value of the average
acceleration as the time interval approaches zero :
Av
a= lim —
At—0 At

Since Av = Av 1+ Auuj.we have

A Av . Av
a=1tm —=+j lim —
At 0 At At—0 At
Or, a=ad+a,j
(4.32b)
' dv, dv,
wheee-a, =——, Qy=—7F— (4.32c

de’ Y de
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As in the case of velocity, we can understand graphically the limiting process used in
defining acceleration on a graph showing the path of the object’s motion.

This is shown in the given Figs. (a) to (d).

P represents the position of the object at time t and P, ,P, and P3 position after time
Aty, Atp, and Atz respectively. (Atp > At > Ats).

The velocity vectors at points P, P41, P,, P3 are also shown in Figs.(a), (b) and (c).
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In each case of At, Av is obtained using the triangle law of vector addition.

By definition, the direction of average acceleration is the same as that of Dv.

We see that as At decreases, the direction of Av changes and consequently, the direction of
the acceleration changes.

Finally, in the limit At —0 [Fig.(d)],

the average acceleration becomes the instantaneous acceleration and has the direction as
shown.

Note that in one dimension, the velocity and the acceleration of an object are always
along the same straight line (either in the same direction or in the opposite
direction).

However, for motion in two or three dimensions, velocity and acceleration vectors
may have any angle between 0° and 180° between them.



MOTION IN A PLANE WITH CONSTANT ACCELERATION
» Suppose that an object is moving in x-y plane and its acceleration a is constant.
» Over aninterval of time, the average acceleration will equal this constant value.
» Now, let the velocity of the object be vy at time t = 0 and v at time t.
» Then, by definition

V-Vg V-Vpo

(-0~ ot
Or, v=vg,+at
In terms of components :
Vy = Upgy + Ayt

a=

Dy =Ugy + ayt

Let us now find how the position r changes with time. We follow the method used in the one
dimensional case.

Let r, and r be the position vectors of the particle at time 0 and t and

let the velocities at these instants be vy and v.

Then, over this time interval t, the average velocity is (vo + Vv)/2.

The displacement is the average velocity multiplied by the time interval :

VVVY VY

L v+vo‘t_/(vo+at_)+vo‘t
r-rp=|— =|—
\

1
= v t+—at
2

1 .
or. r:rn—vﬂt—Eati

Above Equation (can be written in component form as

(=X, +U z+1 t*
X=X+ Ul +-a,

1 i
Y=y, +u,t+ ant‘

» The motions in x- and y-directions can be treated independently of each other.

» Thatis, motion in a plane (two-dimensions) can be treated as two separate simultaneous
one-dimensional motions with constant acceleration along two perpendicular directions.

» . A similar result holds for three dimensions.
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PROJECTILE MOTION:
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. An object that is in flight after being thrown or projected is called a projectile.

Such a projectile might be a football, a cricket ball, a baseball or any other object.

The motion of a projectile may be thought of as the result of two separate, simultaneously
occurring components of motions.

One component is along a horizontal direction without any acceleration and

the other along the vertical direction with constant acceleration due to the force of gravity.
In our discussion, we shall assume that the air resistance has negligible effect on the
motion of the projectile.

Suppose that the projectile is launched with velocity vy that makes an angle 8 with the x-
axis as shown in Fig.

After the object has been projected, the acceleration acting on it is that due to gravity which
is directed vertically downward: a = —g |
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a=-g])
O, a=0.q=-g
The components of initial velocity v_are !
U= U, COS &,
U = U, sine,

If we take the initial position to be the origin of the reference frame as shown in Fig.
, we have :

x=0.y,=0
Then, Eq.(4.34b) becomes :

x=v,t=(uv,cosg,)t
and y=(ysing)t-(%)gf

The components of velocity at time t can be obtained:
U, = U= 01,0088,

v, =u,s8me,-gt
Above equations gives the x-, and y-coordinates of the position of a projectile at time t in
terms of two parameters — initial speed vy and projection angle 6.
Notice that the choice of mutually perpendicular x-, and y-directions for the analysis of the
projectile motion has resulted in a simplification.
One of the components of velocity, i.e. x-component remains constant throughout the

motion

>
>
>

and only the y- component changes, like an object in free fall in vertical direction.
This is shown graphically at few instants in Fig. .
Note that at the point of maximum height, v,= 0 and therefore,

L,
f=tan' L =0

L,
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Equation of path of a projectile:
By eliminating the time between the expressions for x and y as given in Eq. .
We obtain:

g - e
2 (v,cos8, )

y=(tan g, )x -

Now, since g, 8p and vy are constants,
Above Eq. is of the formy = a x + b x?, in which a and b are constants.
This is the equation of a parabola, i.e. the path of the projectile is a parabola

N
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Time Of Maximum Height:

> Let this time be denoted by ty. Since at this point, vy= 0,
> we have
v, =v,8ne,-gt,=0

Or. ( =vp sing /g :
> The total time T; during which the projectile is in flight can be obtained by putting y =0 in
» Weget:

T =2 (u,siné8 )/g

T,

> Tris known as the 7= 2%=S1&Va  of the projectile.
» We note that Tt = 2 t, , which is expected because of the symmetry of the parabolic path.

Maximum Height Of A Projectile:

» The maximum height h,,, reached by the projectile can be calculated by substituting
t=tn inEQ. :

. (| ¥ \2
. | vpstnd, | gl vpsing,
Y = hy, = |vgsindy) R
. g J 2\ g

\2

(v,sing, |
O, hpy=—"T7"—
2g



Horizontal Range Of A Projectile:
» The horizontal distance travelled by a projectile from its initial position (x =y = 0) to the
position
where it passes y = 0 during its fall is called the horizontal range, R.
> Itis the distance travelled during the time of flight Ts .
» Therefore, the range R is
R = (v, cos 8) {T,]

={y,cos8) 2y, sinéj/g

y
v, sin 28,
r=2o 0

g
» Equation shows that for a given projection velocity v, ,

» R is maximum when sin28, is maximum, i.e., when 6, = 45°.
» The maximum horizontal range is, therefore,

U2
R .
o

g



UNIFORM CIRCULAR MOTION:

» When an object follows a circular path at a constant speed, the motion of the object is
calleduniform circular motion.
» The word “uniform” refers to the speed, which is uniform (constant) throughout the motion.
» Suppose an object is moving with uniform speed v in a circle of radius R as shown in Fig.
< Ky

e B (b2) .
(al) i o (b1) PR
(a) (b) (c)
> . Since the velocity of the object is changing continuously in direction, the object
undergoes acceleration.
Let us find the magnitude and the direction of this acceleration.
Letrand * be the position vectors and v and ¥ the velocities of the object when it is

\ A7

at point P and F as shown in Fig.(a).

By definition, velocity at a point is along the tangent at that point in the direction of
motion.

The velocity vectors v and v are as shown in Fig.(az).

Av is obtained in Fig. (az) using the triangle law of vector addition.

Since the path is circular, v is perpendicular tor and sois v to r .

Therefore, Av is perpendicular to Ar. Since average acceleration is along Av
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The average acceleration a is perpendicular to Ar.

If we place Av on the line that bisects the angle between r and *

We see that it is directed towards the centre of the circle.

Figure(b) shows them same quantities for smaller time interval.

Av and hence a is again directed towards the centre.

In Fig. (c), At.—0 and the average acceleration becomes the instantaneous
acceleration. It is directed towards the centre

Thus, we find that the acceleration of an object in uniform circular motion is always
directed towards the centre of the circle.

Let us now find the magnitude of the acceleration.

The magnitude ofla is,| by definition, given by

fis

ﬁrn—;i)?
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Let the angle between position vectors r and * be AB.

Since the velocity vectors v and v are always perpendicular to the position vectors,
the angle between them is also A6 .

Therefore, the triangle v+ formed by the position vectors and the triangle GHI
formed by the velocity vectors v, v and Av are similar (Fig. 4.19a).

Therefore, the ratio of the base-length to side-length for one of the triangles is equal
to that of the other triangle. That is :

[SMEL
v R
|aw|= 11E
R

Therefore,

Y

Y

|av] dar o jar|
lal= tm —= un =— um _—
At—-0 At AC-SO0RAt RAL—0 5t

» If Atis small, AB will also be small and then arc ¥ can be approximately taken to be|Ar|:

]A.l'ls pAE
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> Therefore, the centripetal acceleration ac is :
)
a = l— v=1¥/R
(N \ R . /

» Thus, the acceleration of an object moving with speed v in a circle of radius R has a
magnitude

v /R

and is always directed towards the centre.

This is why this acceleration is called centripetal acceleration (a term proposed by
Newton).
“Centripetal” comes from a Greek term which means centre-seeking’.
Since v and R are constant, the magnitude of the centripetal acceleration is also constant.
However, the direction changes — pointing always towards the centre.
Therefore, a centripetal acceleration is not a constant vector.
We can express centripetal acceleration ac in terms of angular speed :
The time taken by an object to make one revolution is known as its time period T and
The number of revolution made in one second is called its frequency n (=1/T).
However, during this time the distance moved by the object is s = 2Tr.
Therefore, v = 2mr/T =21rmin  In terms of frequency n,
We have

W =21mn v =2mrn
Ac=4m* n’R

VVVVVVVVVY VY
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